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Vector Identity 10

∇ · (a× b) = b · (∇× a)− a · (∇× b)

Proof

Let A = a and B = b.

∇ · (A×B) =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjAj

×( 3∑
k=1

δkBk

)
=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

(δj × δk)AjBk


=

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

3∑
k=1

3∑
l=1

δlεjklAjBk


=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δi · δl)εjkl
∂
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=
3∑

i=1

3∑
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k=1

3∑
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∂xi
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=

3∑
i=1

3∑
j=1

3∑
k=1
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∂

∂xi
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=
3∑

i=1

3∑
j=1

3∑
k=1

εijk
∂

∂xi
AjBk

=

3∑
i=1

3∑
j=1

3∑
k=1

εijk

(
∂Aj

∂xi
Bk +Aj

∂Bk

∂xi

)

=
3∑

i=1

3∑
j=1

3∑
k=1

εijk
∂Aj

∂xi
Bk +

3∑
i=1

3∑
j=1

3∑
k=1
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∂Bk

∂xi

=

3∑
i=1

3∑
j=1

3∑
k=1

εijk
∂Aj

∂xi
Bk +

3∑
i=1

3∑
j=1

3∑
k=1

(−εikj)Aj
∂Bk

∂xi

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

δlkεijk
∂Aj

∂xi
Bl −

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1
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∂Bk

∂xi

=

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δl · δk)εijk
∂Aj

∂xi
Bl −

3∑
i=1

3∑
j=1

3∑
k=1

3∑
l=1

(δl · δj)εikjAl
∂Bk

∂xi

=

(
3∑

l=1

δlBl

)
·

 3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂Aj

∂xi

−( 3∑
l=1

δlAl

)
·

 3∑
i=1

3∑
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k=1

δjεikj
∂Bk
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
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Continue the simplification.

∇ · (A×B) =

(
3∑

l=1

δlBl

)
·

 3∑
i=1

3∑
j=1

(δi × δj)
∂Aj

∂xi

−( 3∑
l=1

δlAl

)
·
[

3∑
i=1

3∑
k=1

(δi × δk)
∂Bk

∂xi

]

=

(
3∑

l=1

δlBl

)
·

( 3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjAj

−( 3∑
l=1

δlAl

)
·
[(

3∑
i=1

δi
∂

∂xi

)
×

(
3∑

k=1

δkBk

)]
= B · (∇×A)−A · (∇×B)
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